ABSTRACT.-In this paper we show the global existence and the exponencial decay of solutions of the one-dimensional wave equation with localized frictional damping.
1.INTRODUCTION
In this paper we study the existence of global smooth solution to the wave equations when the dissipation given by the frictional térm is effective only in a part of the domain. Moreover we show that this local dissipation is strong enough to produce uniform decay of the solutions. Let us consider a string o length L. The mathematical model which defines the deformations of the string is given by (1.1) with initial data (1.2) and boundary conditions u (L, t) = u (O, t) = O V t '2 O (1.3) where by u = u (x, t) we denote the displacement, a is a function satisfying ( 1.5) It is well known by now that in non linear elasticity when a == 0, the equation is conservative and the solution will.blow up in a finite time, no matter how small and regular the initial data is. On the other hand, when the dissipation is effective in the whole domain, then when the initial data is taken small enough there exists only one global smooth solution of the system. The problem we consider here is intermediary between this two cases. The natural questions under in our case is about the strongness of the dissipation. We can ask, is the local dissipation strong enough to secure estimates and prevent blow up? The mains result of this paper is to give a positive answer to that question.
We will prove that the problem (1.1) -(1.5) is well posed, that is if a~O, with a zero outside of a boundy of O or L, the problem has a global smooth solution which decays exponentially as time goes to infinity, provided the initial data is small enough.
.
The main result of this paper is summarized in the following Theorem. 
Theorem 1.1 (Main Result) Let us suppose that the iniiial data satisfies
To show the global existence, it is enough to show that
Here we follows similar techniques as in [7] . Firts study the linearized problem. 
where by U, F we are denoting (U,
Under the above notations the energy associated is
Multiplying (2.2) by UI' performing an integration by parts and using the boundary conditions we get 
Let us introduce the following functionals
L(t,U) = N E(t,U)+ I(t,U)+ J(t,U)
where
a(x)+~q'(x);:::c>o
and:3 q¡>0 suchthat
The above conditions over a imply that there exists
. 
Proof.-Multiplying (2.2) by a(x)U and integrating over ]0, L[' we find that
Using (2.9) and o" (x):::; O, (2.8) will be
Surnming up the two above relations our conclusion follows .
• 
Surnming Up /1 with /2 we get Since,
: 
where,
4.s 2
Under the above notations we can rewrite inequality (2.16) in the following way GLOBAL EXISTENCE AND EXPONENTIAL DECA Y ...
/1 +/2~-DfoLJUJ dx-(a'(O)C-EM o ) f:JUJ dx-a'(O)C tLOJUJ dx (2.17)°,

; -2min{ D,C -~}E(f'U)
:=8
We finish the proof of (2.13) using relation ( 
L(t,U)~{N +b 2 }E(t,U)
'--..r--'
on the other hand, using (2.21) we get
L (t, U)~{N -b 2 } E (t, U)
'---y---'
:=k¡
Taking N such that N > 0. Let us define~( 
L,,(t) = L(t,u tt )+~fOL[ al(uJ-a'(O)J\uxttl dx S(t) =~(t)+~(t)+L,,(t)
Performing an integration by parts and using (2.26) we have
Sustituting of (2.38) in (2.37), we have From (2.26) and Young's inequality we get
To es tima te /2 we make an integration by parts Integrating by parts we get the exponential decay of S. Using (2.33)we get the exponential decay of M. The proof is now complete.
S(T*)< S(O).
Applying (2.33) is follows that ks M(T*)~S (T*) < S (O)~~M(O), that is
